The accelerating universe in brane-world cosmology 
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The standard Friedmann universe embedded in a five dimensional and constant curvature bulk is 
examined without any a priori junction condition between the brane and the bulk. A geometrical 
explanation for the accelerated expansion of the universe is derived by using a minimum set of 
assumptions consistent with the brane-world program. It is shown that the extrinsic curvature of 
the brane can be associated to the dark energy which presumably drives the universe expansion. 
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Recent observations of type la supernovae suggest 
that the observable universe is presently undergoing an 
accelerated expansion. Together with other data, this 
phenomenon indicates the existence of an energy compo- 
nent characterized by a negative pressure, contributing 
with about 70% of the total energy density of the universe 
(the other 30% being essentially nonrelativistic matter). 
In addition to the most natural candidate for such a com- 
ponent, the cosmological constant, many phenomenologi- 
cal models with a negative pressure, like scalar fields with 
dominant potential energy (quintessence) or x-matter 
1^ , have been proposed to explain the data. 

Although interesting, in general the dynamics of dark 
energy candidates has no justification but phenomeno- 
logical. In particular, as the energy densities of the dark 
energy and of the other components decrease at different 
rates and are usually considered as unrelated, the near 
coincidence in their values today can be explained only 
by either a fine tunning of initial conditions or a careful 
choice of "tracking" potentials Q| . Alternative proposals 
which explain this "coincidence problem" consider a phe- 
nomenological coupling between the dark components, 
so that the universe present an asymptotic regime with 
fixed dark matter to dark energy ratio In spite of 
any kinematical advantages, it is desirable that a dark 
energy candidate has its origin and particular dynamics 
motivated by an underlying theory, in addition to the 
agreement with the observational data. 

Coincidently or not, a new higher dimensions gravita- 
tional theory aimed to solve the hierarchy problem has 
gained much attention recently. It emerged from the ob- 
servation that the commonly accepted hypothesis that 
gravitation becomes strong only at around 10^^ GeV is a 
conjecture devoid of any experimental support, and that 
there is no theoretical or experimental evidence which 
prevents the existence of quantum gravity effects at the 
TeV scale This so called brane-world program is a 
blend of some features of Kaluza-Klein and string (or M) 
theories with additional hypotheses. 



In Kaluza-Klein theory all fundamental interactions 
exhibit similar behavior with respect to the extra dimen- 
sions and this eventually led to inconsistencies in its low 
energy sector. On the other hand, M-theory based on the 
Nambu-Goto principle, uses a more flexible geometrical 
condition, specifying a classical space-time resulting from 
the motion of an extended object or 3-brane embedded 
in the bulk. In one of its formulations , the standard 
gauge fields do not propagate along the extra dimensions, 
a property which is reserved to the gravitational field. 

In the brane-world program, like in Kaluza-Klein the- 
ory, the geometry of the higher dimensional bulk is a 
solution of the higher dimensional Einstein's equations, 
but our space-time (or brane-world) is an embedded sub- 
manifold. Furthermore, only gravitons probe the extra 
dimensions at the TeV scale, while the standard gauge 
interactions remain confined to the brane j|] . 

Several brane-world cosmologies have been proposed, 
mostly in the context of the Randall- Sundrum (RS) for- 
mulations 1^ , defined in a five dimensional anti-de Sitter 
(AdSs) space. The dynamics of these models features 
boundary terms in the action and sometimes mirror sym- 
metry, such that bulk gravitational waves interfere with 
the brane-world motion. This usually comes together 
with junction conditions producing an algebraic relation- 
ship between the extrinsic curvature and the confined 
matter [|o|. The consequence is that Friedmann's equa- 
tion acquires an additional term which is proportional 
to the square of energy density of the confined source 
fields ||ll[]. In order to be consistent with the predictions 
from the big-bang nucleosynthesis such term must be non 
negligible only at the very early universe, thus having 
no effect in low energy cosmology. Some attempts to 
solve this difficulty have been proposed, using flat bulks 
and appropriate boundary conditions p^ . With this, a 
late time accelerating solution and suitable observational 
consequences can also be obtained, but at the expense of 
displaying a correcting factor in the Newtonian potential, 
thus introducing phenomenological difhculties [p^ , p^ . 
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Such results may give the impression that the brane- 
world program necessarily depends on fine tunnings of 
parameters or on the inclusions of extra fields in order 
to fit cosmological data. The purpose of this note is to 
show that even under more general conditions, still com- 
patible with the brane-world program, it is possible to 
find a richer set of cosmological solutions in accordance 
to the current observations. In particular, it is found 
that the accelerated expansion of the FRW universe can 
be explained by the dynamics of the extrinsic curvature 
along the radial direction of the brane, thus proposing a 
geometric alternative to the dark energy problem. 

The emergence of the squared energy term in Fried- 
mann's equation is a consequence of an a priori specifica- 
tion of a junction condition for the discontinuity between 
the bulk and the brane. As we shall see later, if such a 
relation is relaxed, more general solutions for the inte- 
grability conditions of the embedding equations, in par- 
ticular the Codazzi's equation, can be obtained. In order 
to sort this out, we apply only the relevant features of 
a five-dimensional brane-world cosmology in a constant 
curvature bulk. The analysis is based only on the three 
basic postulates of the program, namely, a)the confine- 
ment of standard gauge interactions, b)the existence of 
quantum gravity in the bulk, and c)the embedding of the 
brane-world. All other model dependent properties such 
as warped metrics, mirror symmetries, radion or extra 
scalar fields, fine tunning parameters like the tension of 
the brane, and the choice of a junction condition are left 
out as much as possible in our calculations. 

In the following we will consider the FRW line element 

cls^ = -dt^ + a^[dr^ + f{r){de^ + sin^ Od^^)] (1) 

where f{r) — sinr, r, sinhr corresponding to fc = 1, 0, — 1 
respectively. It is well known that this space-time can 
be embedded into a five-dimensional flat space but 
here we extend this embedding to any constant curvature 
space, including anti-de Sitter AdSs, de Sitter dSs, and 
the flat M5 cases, with noetric signatures (4, 1) and with 
the bulk Riemann tensoaJ 

where Qf^, is the bulk metric and K^, denotes the bulk 
constant curvature. In the flat case if* = and in the de 
Sitter and anti-de Sitter cases we may write K^, = ±^ 
respectively, where A* is the bulk cosmological constant. 

In the normal Gaussian frame deflned by the embedded 
space-time, the bulk metric may be decomposed as 



* Greek indices go from 1 to 5 and refer to the bulk, small 
case Latin indices go from 1 to 4 and refer to the brane. 



Inserting this in (g) and using the Gauss and Codazzi 
equations, which are the integrability conditions for the 
embedding equations [|l5|, we obtain 

Ri]ki = [hkkji - kiikk]) + K^,{gikgji - giigkj) (4) 

kij-^k — kik-J (5) 

where kij denotes the extrinsic curvature. 

From the contractions of (|^) with g*-' we obtain the 
Ricci scalar R of the brane metric, in terms of the Ricci 
scalar of the bulk TZ. Therefore, the embedding and the 
supposition that the bulk is a solution of Einstein's equa- 
tions necessarily introduce an Einstein-Hilbert compo- 
nent in the brane-world Lagrangian. After adding a con- 
fined matter Lagrangian and a four-dimensional cosmo- 
logical constant A, the effective Lagrangian compatible 
with the embedding reads (for details, see [p7| ): 

Cos = R + {K^ + h^)V^ 

+ n^~2'^^+ Cra (6) 

ay 

where h = g^-'kij is the mean curvature of the brane- 
world, — k'-^kij, y denotes the fifth coordinate and 
TZ = —20K^, as derived from (|^). The total derivative 
term with respect to y can be eliminated provided the 
motion of the brane-world occurs between two fixed min- 
imal boundary hypersurfaces where h = Like 
in the second RS model such boundaries can be moved 
away so that all boundary generated bulk waves are elim- 
inated. Variation of the action with respect to gij gives 
the dynamical equation compatible with the embedding 
and with the confined matter hypotheses. Denoting by 
Tj™ the confined matter energy-momentum tensor and 
defining A = — 3if* + A, the resulting Einstein's equa- 
tions are 

" ^^ffy + ^9^J = -S^GI^" + Q^J (7) 

where 

Q,^ = g'^'^'hrnkjn " hk.j - ^{K^ ~ h^)g,j (8) 

Notice that this quantity is identically conserved in the 
sense that, 

Q'';j^O, (9) 

SO that there is no exchange of energy between this ge- 
ometrical correction and the confined matter. Such an 
aspect has one important consequence: if Qij is to be 
related to the dark energy, as we do later, it does not 
exchange energy with the ordinary matter, like in the 
coupled quintessence models 

In order to specify a cosmological model, it is usual 
to add a condition on the extrinsic curvature, such as 
the Israel-Lanczos junction conditions, thus introduc- 
ing a relationship between kij and the confined energy- 
momentum tensor lflC| . Here we have removed or at the 
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least postponed all motivations, such as boundary bulk 
waves and mirror symmetries, which justify the appli- 
cation of such conditions (see, for example, Refs. 0). 
Alternatively, we solve Codazzi's equation for any ho- 
mogeneous and isotropic brane before applying further 
constraints on kij . Although such a solution does not 
provide any explicit cosmological model, it clarifies the 
role played by the junction condition and it has a de- 
gree of freedom which permits an adjustment with the 
observational results. 

In order to solve Codazzi's equation, we first notice 
that for the FRW metric kij is diagonal. Denoting the 
spatial indices in the brane by the letters a, b,c,d = 
1 ... 3, we find that Eq. (|) is reduced to [0 

k — h jV^ — h — h jV^ 
•^aa.c '^aa^ ac — '^ac,a '^ca^ aa: 

kaaA - kaa- = -aaiS^Sl + fSlSl + f sin2 6l6l)kM. 
a 

The first equation for c ^ 1 gives fcn.c = so that fcn 
is a function b{t). From the second equation we obtain 
A:44 — ^-^{b(t)/a). Repeating the same arguments for 
/c22 and fc33 we obtain the general solution of (0) llq] 



kab = -l^gab, and fc44 = - 



1 d 

a dt 



(10) 



Denoting B = b/h and as usual H = a/ a we obtain 



Qab 



b'^ f B 

— ( 2— - 1 ) gab, Qii ' 



a 
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(11) 



Replacing (11) in (0) we obtain Friedmann's equation 
modified by the presence of the extrinsic curvature 



-—pa +i;a + — 



(12) 



Notice that in the context of brane-worlds the geom- 
etry of the universe must show quantum fluctuations. 
This will provide the necessary equation to determine 
b{t). While a quantum theory of brane- world fluctua- 
tions is not available, we may use classical perturbative 
approaches for the generation of embedded geometries to 
generate models based on the extrinsic curvature . 

Just for the sake of comparision with existing mod- 
els, consider that this classical relation is replaced by the 
Israel-Lanczos condition applied to our solution (!□), 



k^,=^\^l{T^~\r'^9^,), 



(13) 



where is proportional to the gravitational constant in 
the bulk. In such a case, we obtain b{t) — —^a\'-^pa? . 
By replacing such an expression in (p^ ) it follows that 



k = 



8t:G 



-pa 



? 2 
"57 2 2 



(14) 



showing that the a term emerges from the imposi- 
tion of the junction condition. As already mentioned. 



this particular case either does not agree with the ob- 
servations or require extra parameters and fine tunnings, 
consequently we will will not consider it in our analysis. 

We see that our solution (|l^) depends only on the ra- 
dial bending function b{t) which remains arbitrary. To 
find the dynamical role of this function, we associate Qij 
to a separatedly conserved energy- momentum (from (|^)) 



(15) 
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Denoting by pb the field pressure, the bending tension (if 
negative), and by pb the corresponding bending energy, 
we can represent as 



(Pb + Pb)U.iUj + pbgtj , = S^ 



(16) 



In addition, we can also write a state-like equation pt — 
(7b — l)pb where jb is an undetermined function of time. 
Comparing Tab and T44 with (pj]), we obtain 



Pb 



3 b^ 



1 62 /B 



SnGa^ \ H 



2— - 1 



(17) 



To determine the equation for b{t), we use the trace 
Q = g'^Qi] = {6b'^/a'^) {B/H). The spatial trace is 



g'^'Qab = Q + O44 = 3^ fsl- - 1 



(18) 



a* \ H 

On the other hand, from the expression of we find 

g^'^Qab = -24^Gp6 (19) 

Comparing the last two expressions we obtain the equa- 
tion 



b 1 / , „ s a 
7 = ;t 4-37fc - 
2 a 



(20) 



Notice that this resembles one of the phenomenological 
candidates for dark energy, the x-matter j^, but in our 
case this field has a fundamental (geometrical) justifica- 
tion for the equation of state. 

As a simple example consider the case where 7^ is con- 
stant. In such a case the above equation yields to a very 
simple solution 



bit) = 600(0^^^"^^"^ 



(21) 



where 60 is an integration constant. With this solution, 
the bending energy becomes 



Pb 



36o - 



376 



(22) 



For a rough estimate consider a vanishing A (as, for ex- 
ample, for a M5 bulk with vanishing A) and a spatially 
fiat (k = 0) brane composed mainly by dark matter and 
the bending contribution as the dark energy. In such a 
case, the deceleration parameter reads 
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^^ = --2 -(37.-2)- + — , 



(23) 



where = 8t:GpJ3H^. For ~ 0.3 and ~ 0.7, 
as suggested by recent observations, a present time uni- 
verse driven by the bending occurs whenever 7^ < 0.52 
as in the x-matter case In fact, any observational test 
suited to test x-matter models can be used for this ansatz 
with a constant 7t,. For the general case, reconstructing 
techniques fl^ ] can be used in order to find the appro- 
priate evolution law for b{t). Alternatively, 76 (t) can be 
provided by fundamental physics arguments. 

In addition to the dark energy problem, other impor- 
tant issues can be addressed in our geometrical approach. 
For example, primordial inflation can be more natural 
in this context than in the usual brane-world proposal 
with a squared energy density. Additionally, possible 
relations between metric fluctuations and the extrinsic 
curvature of the brane can be obtained directly from ge- 
ometric constraints and the specific models found can be 
considered to study the evolution of cosmological pertur- 
bations by adapting existing formalisms (see for example 
[^). Other theoretical alternatives, including different 
bulk signatures as well as a comprehensive discussion on 
the topics covered here will be presented elsewhere. 

To summarize, we have shown that the extrinsic curva- 
ture may be associated to the unknown dark energy com- 
ponent that drives the acceleration of the universe. The 
solutions obtained permit a richer set of phenomenologi- 
cal possibilities. Once available, the newest observational 
data can be used to reconstruct the equation of state of 
the dark component, thus providing the time evolution 
of the brane bending. In contrast with the usual dark 
energy models, the decoupling between the dark com- 
ponents is derived, instead of assumed. The geometrical 
approach considered here allows the inclusion of any con- 
stant curvature bulk with the same end result except for 
a fine tunning between the cosmological constants of the 
bulk and of the brane. Our overall conclusion is that 
the dark energy paradigm can be improved by consider- 
ing a non trivial contribution of geometrical origin, if a 
junction condition is not postulated a priori. 
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